We introduce Kloosterman polynomials over F 2 m , and use these polynomials to prove three identities involving Kloosterman sums over F 2 m .
Introduction
For m ≥ 1 an integer, we will write F 2 m to denote the finite (Galois) field with 2 m elements, and F * 
When a = 1, we simply denote the sum K(1, b) by K(b). Note that K(a, b) = K(ab) if a = 0. (Substitute y = ax into (1).) Our main aim in this note is to prove the following Kloosterman sum identities. The substitution b = a/(a + 1) shows that the first identity in Theorem 1.1 is equivalent to the following.
Corollary 1.2
For all a ∈ F 2 m \ {1}, we have that K(a/(a + 1) 4 ) = K(a 3 /(a + 1) 4 ).
The identity in Corollary 1.2 is not new; it has been proved for odd m in [7] and [8] .
Moreover, while preparing this note we learned that both the first and the second identity in Theorem 1.1 have been proved for all m in [3] , and that all three identities together with three others seem to have been proved by using the theory of modular curves [4] , following up work by J. Lahtonen and L. Ojala, see also [6] . It is interesting to note that the authors of [7] were led to the discovery of the identity in the above corollary in the process of constructing certain 3-designs from the Z 4 -Goethals code, while we were led to this identity in the study of certain pseudocyclic association schemes.
Preliminaries
For e ∈ F 2 , we define
In what follows, we will use some simple and well-known properties of the trace function. For convenience, we recapitulate these properties here. Complete proofs can be found in any book on finite fields, for example in [5] .
Lemma 2.1 (i)
The map Tr is F 2 -linear and surjective; hence
Note that since the trace map is linear, the set T 0 is a hyperplane in F 2 m (when considered as an m-dimensional vector space over F 2 ). As a consequence, x∈Te (−1) Tr(bx) = 0 for b = 0, 1, where e ∈ F 2 .
Kloosterman polynomials and Kloosterman sum identities
All three identities in Theorem 1.1 can be written in the form K(ab) = K((a + 1)b) for suitable a and b in F 2 m . We will first derive an equivalent formulation of this type of identities. To this end, for e ∈ F 2 we define
Proof: Observe that for a = 0, 1, the identity
Remark: We note that this lemma can be used to simplify the proof of the main theorems Theorem 1 in [8] and Theorem 1 in [3] , while strengthening the results by removing a superfluous condition. Indeed, both Lemma 2 in [8] and Lemma 2 in [3] in fact state that
, where f and g are functions satisfying certain conditions (different in the two papers) and a is assumed to be contained in some domain D. The conclusion that K(f (a)) = K(g(a)) for a ∈ D now follows immediately from Lemma 3.1, so the condition that
, which is present in Theorem 1 of both papers, is not required, and both proofs can be simplified.
Our proof of Theorem 1.1 crucially depends on permutation properties of certain polynomial functions. In order to introduce these functions, we need some definitions. 
In the rest of the note, to simplify notation, we will usually write
with the understanding that L c,
, and x, y ∈ T 1 , then x = y). Note that if w(d) is even and w(c) ≡ e mod 2, then for any
is a Kloosterman polynomial if and only if w(d) is even and L c,d maps T 1 bijectively onto T e . The relationship between Kloosterman polynomials and Kloosterman sum identities is explained by the following theorem.
is a Kloosterman polynomial on F 2 m , then we have the Kloosterman sum identity
Proof: Since Lc(0) = 0 and Lc(1) = w(c) = 0 or 1 in F 2 m , we only need to prove the theorem for z ∈ F 2 m \ {0, 1} such that Lc(z) = 0, 1. According to Lemma 3.1, we have to prove that K 1 (Lc(z), Ld(z)) = 0. To this end, we note that for any
Hence, if w(c) = e, we have that
Tr(zy) = 0, and the theorem follows. 2
In the next section we will investigate Kloosterman polynomials in more detail.
A general approach to Kloosterman polynomials
We now discuss a general and systematic approach for proving that a given function F (x) on F 2 m is injective on T 1 , the set of elements of trace one in F 2 m . Let
and suppose that D F (x, y) = F (x, y)/λ(x, y) for some polynomials F, λ ∈ F 2 m [x, y]. We want to prove that the equation D F (x, y), or the equation F (x, y) = 0 derived from it, has only zeroes (x, y) ∈ F 2 2 m with x = y or with one of x, y in T 0 . A way that suggests itself is to try to write F (x, y) in the form
Indeed, in that case, the equation F (x, y) = 0 would imply that Q(x, y) = P (x, y) = 0 or, writing R(x, y) = P (x, y)/Q(x, y), that y = R(x, y) 2 + R(x, y) ∈ T 0 . As a consequence, it would be sufficient to show that the equations P (x, y) = 0 = Q(x, y) have no solutions in T 2 1 with x = y, which is usually a much easier task. The following observation is of help in actually finding an expression (2), if it exists. First, if F (x, y) can indeed be written in the form (2), then by writing y = z 2 + z, we would have that
that is, there would be a factorisation
Conversely, if F has such a factorisation, then by writing z 2 = z + y, we derive z 3 = z(1+y)+y, z 4 = z +y 2 +y, . . ., and in general z i = A i (y)+zB i (y) for certain polynomials A i and B i , which allows us to write
where
therefore, such a factorisation would in turn produce an expression for F (x, y) as in (2) .
In the sequel, we will use these ideas to prove that certain functions from F 2 m to itself are Kloosterman polynomials. In each of these cases, we will simply produce polynomials P (x, y) and Q(x, y) such that (2) holds, followed by an analysis of the equations Q(x, y) = P (x, y) = 0 showing that they do not have a solution in T 2 1 with x = y.
are Kloosterman polynomials on F 2 m for all m, that is, they all map T 1 bijectively to T 1 .
Proof: Evidently all three functions map T e to T e for e = 0, 1. So we only have to show that these functions are injective on T 1 . To do so, we will use the ideas explained above.
As is easily checked, we have an expression (2) for F (x, y), with
moreover, since P (x, y) + (y + 1)Q(x, y) = x + y, we have Q(x, y) = P (x, y) = 0 only if x = y (in fact, if and only if x = y = 1).
(ii) In the second case,
We again have an expression (2) for F (x, y), now with
as is easily checked. Moreover, if Q(x, y) = 0 then obviously y ∈ T 0 . (iii) Finally, in the third case, F (x) = L 1,10 (x). We have that D F (x, y) = (xy)
It is not difficult to check that, this time, we have an expression (2) for F (x, y), with
To finish the proof in this case, we will show that P (x, y) = 0 and Q(x, y) = 0 imply that
where S(x, y) = x 3 + (y 2 + y + 1)x 2 + (y + 1)x + y, so if Q 1 (x, y) = 0 and P (x, y) = 0, then x = y or x = 0; since x = 0 implies y = 0, we have x = y in both cases. 
The following result is just a reformulation of Theorem 1.1. (1, 3) , (1, 6) , (1, 10), (7, 0), (7, 3) , (7, 5) , and (7, 9); for m = 5, the pairs (1, 0), (1, 3) , (1, 6) , (1, 10), (3, 0), (3, 5) , (3, 10) , (3, 30) , (5, 0), (5, 3), (5, 15), (5, 30), (7, 0), (7, 9) , (7, 18 ), (7, 23) 
Our next result clarifies when this operation produces a Kloosterman polynomial.
This is the case if and only if one of the following hold: (a) w(a) is odd and L a has only one zero in F 2 m (so L a is a permutation polynomial), or (b) w(a) is even, m is odd, and L a has only zeroes 0, 1 in F 2 m (so L a is 2-to-1 on F 2 m ).
(ii) Let w(d) be even. We have that L a * c,a * d is a Kloosterman polynomial on F 2 m if and only if both L a and L c,d are Kloosterman polynomials on F 2 m .
Next, we note that L a is injective on T 0 if and only if L a is injective on T 1 if and only if K ∩ T 0 = {0}. Combining these two observations, we see that the condition K ∩ T 0 = {0} holds if and only if either (a) k = 0 (then necessarily also L a (1) = w(a) = 1 and L a is a permutation polynomial on F 2 m ), or (b) k = 1 and K = {0, b} for some b ∈ T 1 . In the latter case, since Tr(L a (x)) = w(a)Tr(x), we must have that w(a) is even, hence L a (1) = 0 and so b = 1 ∈ T 1 , and therefore m is odd.
(
. Now the claim follows from part (i). In particular, since L 2 is a linearized Kloosterman polynomial, the squaring operation
does not produce any new identities. Example: For an application of the lemma, take for example L 3 (x) = x 2 + x. Obviously, L 3 has only zeroes 0, 1 in F 2 m , so by Lemma 4.3, part (i), L 3 is a Kloosterman polynomial for odd m. Now apply Lemma 4.3, part (ii): we have that
, so we get the following. The functions
are Kloosterman polynomials on F 2 m for odd m.
Let L m denote the collection of linearized polynomials on F 2 m with coefficients in F 2 that are injective both on T 0 and on T 1 (that is, linearized Kloosterman polynomials). We can now make precise what we meant by our earlier remark that all Kloosterman polynomials can be obtained by the ones from Theorem 4.1. Based on extended computer experiments, we offer the following conjectures. We remark that perhaps these conjectures can be proved (in a very indirect way, though) using the results from [4] .
